
❯♥✐✈❡rs✐té ❆❜❞❡❧♠❛❧❡❦ ❊ss❛❛❞✐

❊❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❞❡s ❙❝✐❡♥❝❡s ❆♣♣❧✐q✉é❡s

❆❧ ❍♦❝❡✐♠❛

❆❤♠❡❞ ▼♦✉ss❛✐❞

❉❡✉①✐è♠❡ ❆♥♥é❡ ❈②❝❧❡ Pré♣❛r❛t♦✐r❡

❙❡♠❡str❡ ✿ ❙✸

▼♦❞✉❧❡ ✿ ❆♥❛❧②s❡ ✸

❚❉✿ ❋♦♥❝t✐♦♥s ❞❡ P❧✉s✐❡✉rs ❱❛r✐❛❜❧❡s✿

▲✐♠✐t❡s ❡t ❈♦♥t✐♥✉✐tés

❉❡❝❡♠❜❡r ✶✻✱ ✷✵✷✵



P❧❛♥

✶ ❊①❡r❝✐❝❡ ✹

✷ ❊①❡r❝✐❝❡ ✺

✸ ❊①❡r❝✐❝❡ ✻

✹ ❊①❡r❝✐❝❡ ✼



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✹

❙♦✐t f : R✷ \ (✵, ✵) −→ R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r f (x , y) = ✻x
✷
y

x✷+y✷

▼♦♥tr❡r q✉❡ lim
(x ,y)→(✵,✵)

f (x , y) = ✵ ❞❡ tr♦✐s ❢❛ç♦♥s ✿

✶ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥✱
✷ ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ♣✐♥❝❡♠❡♥t✱
✸ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✸✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✹

♦♥ ❛ ∀(x , y) ∈ R
✷ \ {(✵, ✵)}

f (x , y) =
✻x✷y

x✷ + y✷

❖♥ ▼♦♥tr♦♥s q✉❡ lim
(x ,y)→(✵,✵)

f (x , y) = ✵ ❞❡ tr♦✐s ❢❛ç♦♥s ✿

✶◦✮ ❞✬❛♣rès ❧❛ ❞è✜♥✐t✐♦♥ ❞❡ ❧❛ ❧✐♠✐t❡✿

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✹✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✹

✶◦✮ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❧✐♠✐t❡✿

❙♦✐t ε > ✵✳ ■❧ ❢❛✉t tr♦✉✈❡r η > ✵ t❡❧ q✉❡

|
√

x✷ + y✷| ≤ η ⇒ | ✻x✷y

x✷ + y✷
− ✵| ≤ ε

❖♥ ❛ ∀(x , y) ∈ R
✷ \ (✵, ✵)✳

x✷ ≤ x✷ + y✷ ⇒ | ✻x✷y

x✷ + y✷
− ✵| ≤ ✻x✷|y |

x✷
= ✻|y | ≤ ✻

√

x✷ + y✷

✐❧ s✉✣t ❞❡ ❞♦♥♥❡r η = ε
✻

❉♦♥❝

∀ε > ✵; ∃η =
ε

✻
‖(x , y)− (✵, ✵)‖✷ ≤ η ⇒ |f (x , y)− ✵| ≤ ε

❆❧♦rs

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✺✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✹

✷◦✮ ❞✬❛♣rès ❧❡ t❤é♦ré♠❡ ❞❡ ▼❛❥♦r❛t✐♦♥

∀(x , y) ∈ R
✷ \ (✵, ✵) ♦♥ ❛

✵ ≤ | ✻x✷y

x✷ + y✷
| ≤ ✻|y | → ✵ q✉❛♥❞(x , y) 7→ (✵, ✵)

❉♦♥❝

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✻✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✹

✸◦✮ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s✳

❙♦✐t f (x , y) = ✻x
✷
y

x✷+y✷
♣♦✉r t♦✉t (x , y) ∈ R

✷ \ (✵, ✵)
♣♦s♦♥✿ x = r cos(θ) ❡t y = r sin(θ) ♦♥ ♦❜t✐❡♥t✿

lim
(x ,y)→(✵,✵)

f (x , y) = lim
r→✵
∀θ

✻r cos✷(θ) sin(θ)

❖r

✵ ≤ |✻r cos✷(θ) sin(θ)| ≤ ✻r→✵
r→✵

❞♦♥❝

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✼✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✺

❙♦✐t f : R✷ −→ R ❧❛ ❢♦♥❝t✐♦♥ ❛✐♥s✐ ❞é✜♥✐❡ ♣❛r✿

f (x , y) =

{

x
✸+y

✸

x✷+y✷
s✐ (x , y) 6= (✵, ✵)

✵ s✐ (x , y) = (✵, ✵)

❊st✲❡❧❧❡ ❝♦♥t✐♥✉❡ s✉r R✷✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✽✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❊①❡r❝✐❝❡ ✺

❖♥ ❛ ❧❛ ❢♦♥❝t✐♦♥ f ❞é✜♥✐❡ s✉r R✷ ♣❛r✿

f (x , y) =

{

x
✸+y

✸

x✷+y✷
s✐ (x , y) 6= (✵, ✵)

✵ s✐ (x , y) = (✵, ✵)

❖♥ ✉t✐❧✐s❡ ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ❧✐♠✐t❡ ❞❡ f ❛✉

♣♦✐♥t (✵; ✵)

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✾✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✺

♣♦s♦♥✿ x = r cos(θ) ❡t y = r sin(θ) ❛❧♦rs✿

f (r , θ) = r(cos✸(θ) + sin✸(θ))

❝♦♠♠❡

✵ ≤ |f (r , θ)| = |r(cos✸(θ) + sin✸(θ))| ≤ ✷r→✵
r→✵

✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ θ

❝❡ q✉✐ ♠♦♥tr❡ q✉❡

lim
(x ,y)→(✵,✵)

f (x , y) = ✵ = f (✵, ✵)

✐✳❡✳ q✉❡ f ❡st ❝♦♥t✐♥✉❡ ❡♥ ♣♦✐♥t (✵, ✵)
❉❡ ♣❧✉s ❡❧❧❡ ❡st ❝♦♥t✐♥✉❡ s✉r R✷ \ (✵, ✵) ❝♦♠♠❡ q✉♦t✐❡♥t ❞❡

❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞♦♥t ❧❡ ❞é♥♦♠✐♥❛t❡✉r ♥❡ s✬❛♥♥✉❧❡ ♣❛s✳

❉♦♥❝ f ❡st ❝♦♥t✐♥✉❡ s✉r R✷✳
❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✵✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✻

❊t✉❞✐❡③ ❧❛ ❝♦♥t✐♥✉✐té❡ s✉r R✸ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ s✉✐✈❛♥t❡ ✿

f (x , y , z) =

{

xy
✸
z
✸

x✹+y✻+z✽
s✐ (x , y , z) 6= (✵, ✵, ✵)

✵ s✐ (x , y , z) = (✵, ✵, ✵)

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✶✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✻

❖♥ ❛ ❧❛ ❢♦♥❝t✐♦♥ f ❞é✜♥✐❡ s✉r R✸ ♣❛r✿

f (x , y , z) =

{

xy
✸
z
✸

x✹+y✻+z✽
s✐ (x , y , z) 6= (✵, ✵, ✵)

✵ s✐ (x , y , z) = (✵, ✵, ✵)

❉✬❛♣rés ❧❡s t❤é♦rè♠❡s ❣é♥ér❛✉① s✉r ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s

❝♦♥t✐♥✉❡s✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❡st ❝♦♥t✐♥✉❡ s✉r R✸ \ (✵, ✵, ✵)✳
■❧ r❡st❡ à r❡❣❛r❞❡r s✐ ❡❧❧❡ ❡st ❝♦♥t✐♥✉❡ ❡♥ (✵, ✵, ✵)

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✷✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✻

❊♥ ♣r❡♥❛♥t ❧❡s ♠❛❥♦r❛♥ts s✉✐✈❛♥ts ✿

|x | ≤ (x✹ + y✻ + z✽)
✶
✹

|y | ≤ (x✹ + y✻ + z✽)
✶
✻

|z | ≤ (x✹ + y✻ + z✽)
✶
✽

❞♦♥❝

✵ ≤ |f (x , y , z)| ≤ (x✹ + y✻ + z✽)
✶
✹
+ ✸

✻
+ ✸

✽

(x✹ + y✻ + z✽)
= (x✹+y

✻+z
✽)

✶
✽→✵

(x ,y ,z)→(✵,✵,✵)

❛❧♦rs

lim
(x ,y ,z)→(✵,✵,✵)

f (x , y , z) = ✵ = f (✵, ✵, ✵)

❆✐♥s✐✱ f ❡st ❜✐❡♥ ❝♦♥t✐♥✉❡ s✉r t♦✉t R✸

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✸✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✼

❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r R✷ \ (✵, ✵) ♣❛r

f (x , y) =
x✷

√

x✷ + y✷

❡st✲❡❧❧❡ ♣r♦❧♦♥❣❡❛❜❧❡ ♣❛r ❝♦♥t✐♥✉✐té ❛✉ ♣♦✐♥t (✵, ✵)✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✹✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✼

❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r R✷ \ (✵, ✵) ♣❛r

f (x , y) =
x✷

√

x✷ + y✷

❖♥ ✉t✐❧✐s❡ ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ❧✐♠✐t❡ ❞❡ f ❛✉

♣♦✐♥t (✵; ✵)
♣♦s♦♥✿ x = r cos(θ) ❡t y = r sin(θ) ❛❧♦rs✿

f (r , θ) = r cos✷(θ)

❝♦♠♠❡

✵ ≤ |f (r , θ)| = |r cos✷(θ)| ≤ r→✵
r→✵

✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ θ

❝❡ q✉✐ ♠♦♥tr❡ q✉❡

lim
(x ,y)→(✵,✵)

f (x , y) = ✵

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✺✴✶✻



❊①❡r❝✐❝❡ ✹
❊①❡r❝✐❝❡ ✺
❊①❡r❝✐❝❡ ✻
❊①❡r❝✐❝❡ ✼

❙♦❧✉t✐♦♥ ❊① ✼

❉✬♦ù f ❛❞♠❡t ✉♥ ♣r♦❧♦♥❣❡♠❡♥t ♣❛r ❝♦♥t✐♥✉✐té ❡♥ ♣♦✐♥t (✵, ✵)
❞é✜♥✐❡ ♣❛r ✿

f̆ (x , y) =







x
✷√

x✷+y✷
s✐ (x , y) 6= (✵, ✵)

✵ s✐ (x , y) = (✵, ✵)

❉♦♥❝ f̆ ❡st ❝♦♥t✐♥✉❡ s✉r R✷✳

❆❤♠❡❞ ▼♦✉ss❛✐❞ ✶✻✴✶✻


